We study the existence and stability of the bound state Josephson vortices solution in two parallel quasi one-dimensional coupled Bose-Einstein condensates. The system can be elucidated by linearly coupled GrossPitaevskii equations. The purpose of this study is to investigate the effects of altering the strength of coupling between the two condensates over the stability of the bound state Josephson vortices. It is found that the stability of bound state Josephson vortices depends on the value of coupling strength. However, at a critical value of coupling parameter, the Josephson vortices solution transforms into a coupled dark soliton.
INTRODUCTION
Bose-Einstein condensate (BEC) is a quantum state of matter in which atoms of weakly interacting alkali metals at very low temperature undergo into a single collective quantum state [1, 2, 3] . Bose-Einstein condensation was first predicted by Indian physicist Satyendra Nath Bose in 1924 and then developed by Albert Einstein in 1925. The experimental realization in 1995 and great progress in the theoretical studies of BEC of weakly interacting atoms of alkali metals [4, 5, 6] encourages the investigation of non-linear characteristics of matter waves. The phenomena of BEC leads to the study of different excited states such as solitons [7, 8] and vortices [9] .
In BEC and non-linear optics, solitons are self-reinforcing wave packets caused by the dispersion and non-linearity [10] . There exist different configurations of solitons but the most studied configurations are bright and dark solitons for attractive and repulsive Bose gases respectively.
Dark solitons also known as the "kink states" is a captivating subject for study. The stability of dark solitons is dependent on the geometry and non-linearity of the channel [11] . In one dimension the radial F o r R e v i e w O n l y motion of the dark solitons is strongly restricted in a cylindrical trap and they go through zero point radial oscillations. As a result the snake deformation is suppressed and dark solitons become stable [12] .
However, the dark solitons are unstable in more than one dimensions because their energies are always higher than the ground state of BEC [13] .
Topological configurations such as vortices are caused due to snake deformation in dark solitons. Around a one dimensional core where density vanishes vortices have quantized flow in the medium of quantum fluid. Vortices have been observed in superfluid helium, superconductors and in BEC [9] .
A paradigm of quantum mechanics that generally occurs on a nanoscopic scale is the tunneling through a barrier. Smerzi and his colleagues [14, 15, 16] introduced the idea of tunneling of atoms of BEC that was analogues to the electron tunneling between two superconductors joined together through a flimsy insulator. Such tunneling for an array of short Josephson junctions [17] and in a single Bose-Josephson junction [18] was observed experimentally. Kaurov and Kuklov extended the idea of small BoseJosephson junction to long Bose-Josephson junction [19, 20] . The notion of long Bose-Josephson junction was similar to that of long superconducting Josephson junction. They showed [19] As concerns various effects in the model of the BEC trapped in tunnel-coupled parallel potential pipes, the existence and stability of the Josephson vortices and their conversion into dark solitons were studied in [21, 22] . Numerical stability analysis showing the Josephson tunneling of dark solitons in a double well potential was investigated in [23] . The stability of the basis functions used to describe the dynamics of bosons in the two wells of an external trap was presented in [24] .
In this work, we study the existence and stability of bound states of Josephson vortices in two one dimensional coupled BEC. Typically, we analyze the effects of variation in the value of coupling strength on the stability of bound states of Josephson vortices in a coupled BEC.
The paper is formatted as follows. In section 2, we consider the coupled system of nonlinear GrossPitaevskii equations that describes BEC and find the bound states of Josephson vortices numerically. In section 3, we discuss the linear stability of the bound state of Josephson vortices while changing the value of coupling parameter. We conclude our results in section 4. 
MATHEMATICAL MODEL AND DESCRIPTION
We begin by considering a set of two parallel coupled effectively one dimensional cigar-shaped BEC. The intra atomic interaction is supposed to be repulsive. The dynamics of quantum fields known as bosonic fields is governed by the integral
where ‫ݐ‬ represents the time and ‫ݔ‬ the space variable. ‫ܮ‬ is the Lagrangian density that comprises of three parts namely ‫ܮ‬ ଵ , ‫ܮ‬ ଶ and ‫ܮ‬ ଵଶ . ‫ܮ‬ ଵ and ‫ܮ‬ ଶ describe the dynamics of atoms in the two waveguides along the ‫ݔ‬ direction and are given as
while ‫ܮ‬ ଵଶ represents the Josephson tunneling between the condensates and is given as
Here ߯ ଵ and ߯ ଶ denotes the bosonic fields and bar represents the complex conjugate. ݇ is the coupling parameter and ߱ ଵ = ߱ ଶ = ߱ denotes the chemical potential that is assumed to be same in the two waveguides. ߤ > 0 is the nonlinearity coefficient and ݅ = √−1. Employing equations (1-4) and using the variational principle yields
For seeking the steady state solutions, we substitute
in equations (5) and (6) and obtain
Since ߯ ଵ and ߯ ଶ are complex, we can write ߯ ଵ = ‫ݑ‬ ଵ + ‫ݒ݅‬ ଵ and ߯ ଶ = ‫ݑ‬ ଶ + ‫ݒ݅‬ ଶ in equations (7) and (8) .
Then after equating the real and imaginary parts on both sides, we obtain the following equations
We discretize equations (9), (10), (11) and (12) to obtain a system of nonlinear algebraic equations.
Solving this system of equations numerically using Neumann boundary conditions, we obtain the bound state Josephson vortices solution which is shown in Fig. (1) . In the settings of parametrically driven nonlinear Schrodinger equation, the stability of the bound state of Josephson vortices was studied in [25, 26] where these states correlate with the Bloch-Bloch states.
STABILITY OF BOUND STATE SOLUTION
For studying the stability of bound state solution, we first suppose that ߯ ଵ * and ߯ ଶ * are the time independent solutions of system of equations (5) and (6) . We now perturb these solutions by giving very small perturbations ε ଵ (x, t) and ε ଶ (x, t) in these solutions ߯ ଵ * and ߯ ଶ * respectively, i.e.
Substituting the values of ߯ ଵ and ߯ ଶ from equations (13) and (14) into equations (5) and (6) and then linearizing the resulting equations yields
Taking complex conjugate of equations (15) and (16) and substituting ε ଵ = ߙ ଵ , ε ଵ ഥ = ߚ ଵ , ε ଶ = ߙ ଶ , ε ଶ ഥ = ߚ ଶ , we obtain
The above system of equations (17), (18), (19) and (20) represents an eigenvalue problem Aܻ = ߪܻ with the eigenvalue ߪ and the corresponding eigenvector ܻ. Discretizing the above equations and applying the same boundary conditions used before, one can write the coefficient matrix A as
where into a coupled dark soliton at ݇ = 1/3. The coupled dark soliton was found to be unstable for ݇ < 1/3 but becomes stable for ݇ ≥ 1/3. This agrees with the result in [19] as depicted in Fig. (3) by green solid curve.
To verify the above results, the system of equations (5) and (6) 
CONCLUDING REMARKS
In this paper, we have examined the existence and stability of bound state Josephson vortices solution in two quasi one-dimensional parallel coupled BEC. Our analysis is based on a coupled system of Gross- 
